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Dimension free boundedness of
Riesz transforms for the Grushin operator
P. K. Sanjay and S. Thangavelu
Abstract. Let G = −∆ξ − |ξ|2 ∂2∂η2 be the Grushin operator on Rn × R. We prove
that the Riesz transforms associated to this operator are bounded on Lp(Rn+1), 1 <
p <∞ and their norms are independent of the dimension n.
1. Introduction
We consider the Grushin operator G = −∆ξ − |ξ|2 ∂2∂η2 on Rn × R which can be
written formally as
Gf(ξ, η) =
1
2π
∫
R
e−iληH(λ)fλ(ξ)dλ
where
H(λ) = −∆+ λ2|ξ|2
is the scaled Hermite operator on Rn and
fλ(ξ) =
∫
R
f(ξ, η)eiληdη
is the inverse Fourier transform of f in the η variable. In the light of this decomposition,
we can define the Riesz transforms associated to the operator G as
Rjf(ξ, η) =
∫ ∞
−∞
e−iληRj(λ)fλ(ξ)dλ
and
R∗jf(ξ, η) =
∫ ∞
−∞
e−iληR∗j (λ)f
λ(ξ)dλ
for j = 1, 2, 3, . . . , n. Here,
Rj(λ) = Aj(λ)H(λ)
− 1
2 , R∗j (λ) = Aj(λ)
∗H(λ)−
1
2
are the Riesz transforms associated to the Hermite operator which has the decompo-
sition
H(λ) =
1
2
n∑
j=1
(Aj(λ)Aj(λ)
∗ + Aj(λ)∗Aj(λ))
where
Aj(λ) = − ∂
∂ξj
+ λξj, Aj(λ)
∗ =
∂
∂ξj
+ λξj
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are the creation and annihilation operators on Rn. The boundedness of these Riesz
transforms on Lp(Rn+1) is known [JST, BG]. In [BG], the authors have proved
the boundedness of Riesz transforms associated to a much larger class of smooth
locally subelliptic diffusion operators on smooth connected non-compact manifold.
In [JST] these Riesz transforms were treated as operator valued Fourier multipli-
ers for Lp(Rn) valued functions on R and the boundedness was proved with the aid
of a result of L. Weis [W] on the operator valued Fourier multipliers. The aim
of this paper is to prove the following theorem about the dimension free bound-
edness of the vector of Riesz transforms Rf . That is, we consider the operator
R = (R1, R2, · · · , Rn, R∗1, R∗2, · · · , R∗n) with
|Rf(ξ, η)| =
(
n∑
j=1
|Rjf(ξ, η)|2 +
n∑
j=1
|R∗jf(ξ, η)|2
)1/2
and prove:
Theorem 1.1. For each 1 < p <∞, there exists a constant Cp independent of the
dimension n, such that for all f ∈ Lp(Rn × R),
‖Rf‖p ≤ Cp‖f‖p.
E. M. Stein introduced the notion of the dimension free boundedness for the vec-
tor of Riesz transforms in [S1]. Stein considered the Euclidean Riesz transforms and
proved the result using the technique of g-functions. Later this technique was adapted
for a non-commutative situation by Harboure, et al. [HRST] to prove a similar re-
sult for the Riesz transforms associated to the Hermite operator. Alternate proofs
for the Euclidean Riesz transforms were provided using the method of rotations by
J. Duoandikoetxea and J. L. Rubio de Francia [DR] and using a transference argu-
ment by Gilles Pisier [P]. Similar techniques have been used to prove the dimension
free boundedness of Riesz transforms in other contexts as well. Coulhon, Mu¨ller and
Zienkiewicz [CMZ] proved the boundedness for the Riesz transforms associated to
the sub-Laplacian on the Heisenberg group. In two works [LP2] and [LP1] Fran-
coise Lust-Piquard provided alternate proofs for the Riesz transforms associated to
the Hermite operator and the Riesz transforms associated to the sub-Laplacian. Our
proof follows a method very similar to that of [CMZ],[LP1] and [LP2]. The method
of rotations applied to the Euclidean Riesz transforms [DR] involves expressing the
Riesz transforms as the average of certain directional Hilbert transforms and using the
boundedness (independent of the direction) of these directional Hilbert transforms.
An expression similar to this in the Heisenberg group context is obtained in [CMZ].
In this paper we obtain a similar representation for Riesz transforms associated to
Grushin operators .
We also note that Theorem 1.1 in turn implies that the Riesz transforms associated
to the Hermite operator satisfy dimension free bounds. Since the Riesz transform for
the Grushin operator is an operator valued multiplier for the Fourier transform on
R, the corresponding multiplier operator for the Fourier series is also bounded by
the same norm. This can be proved using a generalisation of a transference result
of Karel de Leeuw [L]. The proof is similar to the proof in [ST] of the boundedness
of the Riesz transforms on the reduced Heisenberg group using transference from the
Heisenberg group. We refer to Theorem 2.1 and Theorem 2.2 of [ST] for details. Then
the proof of the Hermite Riesz transforms follows by looking at functions of the form
F (ξ, η) = f(ξ)eikη on Rn × [0, 2π).
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2. Riesz transforms for the Grushin operator
We first consider the individual Riesz transforms Rj and R
∗
j for j = 1, 2, · · · , n and
show that they satisfy dimension free bounds on Lp(Rn+1) for 1 < p <∞. In order to
do this we introduce the operators Rǫj and R
∗ǫ
j which we will call the truncated Riesz
transforms. We only give details of Rǫj as the other one is similar. Note that the Riesz
transform Rj(λ) associated to the Hermite operator H(λ) can be written as
Rj(λ) = Aj(λ)H(λ)
−1/2 =
Aj(λ)√
π
∫ ∞
0
e−rH(λ)r−1/2dr.
Here e−rH(λ) is the Hermite semigroup. For ǫ > 0, we define the truncated Riesz
transforms Rǫj(λ) by
Rǫj(λ) =
Aj(λ)√
π
∫ 1/ǫ2
ǫ2
e−rH(λ)r−1/2dr.
Then the truncated Riesz transforms Rǫj for the Grushin operator are defined as
Rǫjf(ξ, η) =
1
2π
∫ ∞
−∞
e−iληRǫj(λ)f
λ(ξ)dλ.
We first prove
Proposition 2.1. For every f ∈ L2(Rn+1), Rǫjf → Rjf in L2(Rn+1) as ǫ→ 0.
Proof. It follows from the definition that∫
R
∫
Rn
|Rǫjf(ξ, η)−Rjf(ξ, η)|2dξ dη =
∫
R
(∫
Rn
|Rǫj(λ)fλ(ξ)− Rj(λ)fλ(ξ)|2dξ
)
dλ.
The proposition follows once we show that for every λ ∈ R∗∫
Rn
|Rǫj(λ)fλ(ξ)− Rj(λ)fλ(ξ)|2dξ → 0 as ǫ→ 0
and ∫
Rn
|Rǫj(λ)fλ(ξ)− Rj(λ)fλ(ξ)|2dξ ≤ 4
∫
Rn
|fλ(ξ)|2dξ.
To see these, we expand fλ in terms of scaled Hermite functions Φλα (see [T] for
definition) and use the fact that
Aj(λ)Φ
λ
α = (2αj + 2)
1/2|λ|1/2Φλα+ej .
where ej is the canonical unit vector of R
n with 1 in the jth entry and zero elsewhere.
Then
Rǫj(λ)f
λ(ξ)−Rj(λ)fλ(ξ) =
∑
α∈Nn
(2αj + 2)
1/2|λ|1/2√
π
(∫
Aǫ
e−(2|α|+n)|λ|rr−1/2dr
)
(fλ,Φλα)Φ
λ
α+ej
.
where Aǫ = (0, ǫ
2) ∪ (1/ǫ2,∞). From this, it follows that
‖Rǫj(λ)fλ −Rj(λ)fλ‖22 =
1
π
∑
α∈Nn
2αj + 2
2|α|+ n |(f
λ,Φλα)|2
(∫
Aǫ,α
e−rr−1/2dr
)2
.
where Aǫ,α = (0, (2|α|+ n)|λ|ǫ2) ∪ ((2|α|+ n)|λ|ǫ−2,∞). From the above equation it
is clear that
‖Rǫj(λ)fλ − Rj(λ)fλ‖2 ≤ 2‖fλ‖2
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We also note that when
fλ(ξ) =
∑
(2|α|+n)|λ|≤N
(fλ,Φλα)Φ
λ
α(ξ)
is a finite linear combination of Φλα,
‖Rǫj(λ)fλ − Rj(λ)fλ‖22 ≤
1
π
∑
(2|α|+n)|λ|≤N
|(fλ,Φλα)|2
(∫
(0,Nǫ2)∪(Nǫ−2,∞)
e−rr−1/2dr
)2
which goes to 0 as ǫ→ 0. As such functions are dense in L2(Rn), we get
‖Rǫj(λ)fλ − Rj(λ)fλ‖2 → 0, as ǫ→ 0
for any f ∈ L2(Rn+1). 
For the individual Riesz transforms, we have the following result:
Theorem 2.2. For j = 1, 2, 3, · · · , n we have
‖Rjf‖p + ‖R∗jf‖p ≤ Cp‖f‖p, 1 < p <∞
for all f ∈ Lp(Rn+1) where Cp is independent of the dimension.
In order to prove this result, we claim that it is enough to prove
‖Rǫjf‖p + ‖R∗ǫj f‖p ≤ Cp‖f‖p
for the truncated Riesz transforms. A proof of this will be given in section 5 where
we will show that
(
Rǫjf
)
is Cauchy in Lp(Rn+1) and hence there exists an operator
Sj , bounded on L
p(Rn+1) such that Rǫjf → Sjf as ǫ → 0. In view of Proposition 2.1,
Rǫjf → Rjf for f ∈ L2(Rn+1) and hence Sjf = Rjf . This will prove the stated
boundedness of Rj ( and R
∗
j ). Now to prove the boundedness of R
ǫ
j and R
∗ǫ
j we
express these operators as a superposition of certain truncated Hilbert transforms.
3. A representation for the truncated Riesz transforms
The representation we obtain is very similar to the representation obtained in
[CMZ] for the Riesz transforms on the Heisenberg group Hn. Before stating this
result, we recall some definitions and notation. For further details and proofs we refer
to [T].
Recall that as a manifold Hn = Cn × R and hence we write (z, t), z = x + iy ∈
Cn, t ∈ R to denote the elements of Hn. The sub-Laplacian L on the Heisenberg
group Hn can be written as the sum of the differential operators Xj =
(
∂
∂xj
+ 1
2
yj
∂
∂t
)
and Yj =
(
∂
∂yj
− 1
2
xj
∂
∂t
)
as L =∑nj=1(X2j +Y 2j ). The sub-Laplacian is homogeneous of
degree 2 with respect to the non-isotropic dilations δr(z, t) = (rz, r
2t) of the Heisenberg
group. Hence ps(z, t), the heat kernel associated to L satisfies
pr2s(z, t) = r
−(2n+2)ps(z/r, t/r2).
This also follows from the following explicit expression for qs(z, λ), the inverse Fourier
transform of ps(z, t) in the t variable,
qs(z, λ) =
∫
R
ps(z, t)e
iλtdt = (4π)−n
(
λ
sinh λs
)n
e−
1
4
λ coth(sλ)|z|2 .
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By πλ, we denote the Schro¨dinger representation of the Heisenberg group H
n acting
on L2(Rn) in the following manner
πλ(x+ iy, t)φ(ξ) = e
iλteiλ(x.ξ+
1
2
x.y)φ(ξ + y).
When t = 0, we will denote πλ(z, t) by πλ(z). πλ also defines a representation of the
group algebra L1(Hn) as
πλ(f) =
∫
Hn
f(z, t)πλ(z, t)dz dt =Wλ(f
λ)
where Wλ(g) =
∫
Cn
g(z)πλ(z)dz is the Weyl transform of g. The representation given
in [CMZ] for the Riesz transforms associated to the sub-Laplacian L is
(XiL− 12 f)(z, t) = − 1
4(2π)n+1
∫
Hn
Xip1(w, s)H(w,s)f(z, t)dw ds
where H(w,s) is the Hilbert transform along a curve in the Heisenberg group. For the
Grushin operator, we obtain a similar representation involving certain operators T
(z,t)
ǫ
and certain differential operators
Z˜j = iX˜j + Y˜j; Z˜
∗
j = iX˜j − Y˜j
with
X˜j =
(
∂
∂xj
− yj
2
∂
∂t
)
; Y˜j =
(
∂
∂yj
+
xj
2
∂
∂t
)
.
Proposition 3.1.
Rǫjf(ξ, η) =
1√
π
∫
Hn
T (z,t)ǫ f(ξ, η)Z˜jp1(z, t)dz dt
and
R∗ǫj f(ξ, η) =
1√
π
∫
Hn
T (z,t)ǫ f(ξ, η)Z˜
∗
j p1(z, t)dz dt
where
T (z,t)ǫ f(ξ, η) =
∫
ǫ<|r|<1/ǫ
f
(
ξ + ry, η + rx · ξ + r2
(
t+
x · y
2
)) dr
r
We follow the method in [LP2] in proving this proposition. First we prove the
following lemma which will be used in the proof of Proposition 3.1.
Lemma 3.2. For any φ ∈ S(Rn),
(i) r ∂
∂ξj
(πλ(rz)φ(ξ)) =
(
∂
∂yj
+
iλr2xj
2
)
(πλ(rz)φ(ξ))
(ii) irλξjπλ(rz)φ(ξ) =
(
∂
∂xj
− iλr2yj
2
)
πλ(rz)φ(ξ).
Proof. We first look at the derivative of πλ(rz) with respect to the variable yj
and see that
∂
∂yj
(
πλ(rz)φ(ξ)
)
=
∂
∂yj
(
eiλ(rx·ξ+
1
2
r2x·y)φ(ξ + ry)
)
=
iλr2xj
2
πλ(rz)φ(ξ) + e
iλ(rx·ξ+ 1
2
r2x·y) ∂
∂yj
φ(ξ + ry)
=
iλr2xj
2
πλ(rz)φ(ξ) + rπλ(rz)
∂φ
∂ξj
(ξ).
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Writing
πλ(rz)
∂φ
∂ξj
(ξ) =
(
πλ(rz)
∂
∂ξj
− ∂
∂ξj
πλ(rz)
)
φ(ξ) +
∂
∂ξj
πλ(rz)φ(ξ)
and noting that
∂
∂ξj
(
πλ(rz)φ(ξ)
)
= iλrxjπλ(rz)φ(ξ) + πλ(rz)
∂φ
∂ξj
(ξ)
we see that
∂
∂yj
(
πλ(rz)φ(ξ)
)
=
(
r
∂
∂ξj
− iλr
2xj
2
)(
πλ(rz)φ(ξ)
)
which proves part (i). Part (ii) of the lemma follows from
∂
∂xj
(
πλ(rz)φ(ξ)
)
= iλrξjπλ(rz)φ(ξ) +
iλr2yj
2
πλ(rz)φ(ξ)

Proof of Proposition 3.1. The heat kernels for the sub-Laplacian and the Her-
mite operator are related via the group Fourier transform on the Heisenberg group as
follows:
pˆs(λ) =
∫
Hn
ps(z, t)πλ(z, t)dz dt = e
−sH(λ)
We refer to [T] for a proof of this. Using the homogeneity of the heat kernel we get
e−r
2H(λ) = r−(2n+2)
∫
Hn
πλ(z, t)p1
(
z
r
,
t
r2
)
dz dt
= r−2n
∫
Cn
πλ(z)q1
(z
r
,−λr2
)
dz =
∫
Cn
πλ(rz)q1
(
z,−λr2) dz.
Since Rǫj(λ) =
1√
π
Aj(λ)
∫
ǫ<|r|<1/ǫ e
−r2H(λ)dr, we see that
Rǫj(λ) =
1√
π
∫
ǫ<|r|<1/ǫ
∫
Cn
(
− ∂
∂ξj
+ λξj
)
πλ(rz)q1
(
z,−λr2) dz dr;
R∗ǫj (λ) =
1√
π
∫
ǫ<|r|<1/ǫ
∫
Cn
(
∂
∂ξj
+ λξj
)
πλ(rz)q1
(
z,−λr2) dz dr.
Now using the previous lemma,
ir
∫
Cn
λξjπλ(rz)q1
(z
r
,−λr2
)
dz
=
∫
Cn
(
∂
∂xj
− iλr
2yj
2
)
πλ(rz)q1(z,−λr2)dz
= −
∫
Cn
πλ(rz)
(
∂
∂xj
+
iλr2yj
2
)
q1(z,−λr2)dz
= −
∫
Cn
πλ(rz)
(
∂
∂xj
+
iλr2yj
2
)(∫
R
p1(z, t)e
iλr2tdt
)
dz
= −
∫
Cn
πλ(rz)
(∫
R
(
∂
∂xj
− yj
2
∂
∂t
)
p1(z, t)e
iλr2tdt
)
dz
= −
∫
Hn
πλ(rz)X˜jp1(z, t)e
iλr2tdz dt.
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Similarly,
r
∫
Cn
(
∂
∂ξj
πλ(rz)
)
q1
(z
r
,−λr2
)
dz
=
∫
Cn
(
∂
∂yj
+
iλr2xj
2
)
πλ(rz)q1(z,−λr2)dz
= −
∫
Hn
πλ(rz)Y˜jp1(z, t)e
iλr2tdz dt.
Hence
Rǫj(λ) =
1√
π
∫
ǫ<|r|<1/ǫ
∫
Hn
πλ(rz)Z˜jp1(z, t)e
iλr2tdz dt
dr
r
and
R∗ǫj (λ) =
1√
π
∫
ǫ<|r|<1/ǫ
∫
Hn
πλ(rz)Z˜
∗
j p1(z, t)e
iλr2tdz dt
dr
r
.
Thus
Rǫjf(ξ, η) =
1√
π
∫
R
(∫
ǫ<r<1/ǫ
∫
Hn
πλ(rz)f
λ(ξ)Z˜jp1(z, t)e
iλr2tdz dt
dr
r
)
eiληdλ.
Now the proposition follows from the fact that∫
R
πλ(rz)f
λ(ξ)eiλr
2teiληdλ = f
(
ξ + ry, η + rx · ξ + r2
(
t+
x · y
2
))
.

4. A transference result
In the previous section, we obtained a representation for the Riesz transforms as
the superposition of certain operators T
(z,t)
ǫ . To prove the boundedness of the vector of
Riesz transforms, using the method of rotations, we need to prove that these operators
are bounded uniformly in (z, t).
Proposition 4.1. For 1 < p < ∞, there exists a constant Cp independent of
(z, t) ∈ Hn, ǫ > 0 and the dimension n such that,∥∥T (z,t)ǫ f∥∥Lp(Rn+1) ≤ Cp ‖f‖Lp(Rn+1) .
Proof. This will be proved using Caldero´n’s method of transferring an operator
on Lp(X), for a measure space X , to Lp(G) when the group G acts on X by measure
preserving transformations. The measure space Rn+1, the group Hn and the group
action
U(x+ iy, t)(ξ, η) = (ξ − y, η − t+ x · y
2
− x.ξ)
are all the same as used by Ratnakumar and Thangavelu in [RT] and we follow their
notation. Accordingly, for f ∈ Lp(Rn+1) and (ξ, η) ∈ Rn+1, we define the transferred
function F(ξ,η) on H
n as
F(ξ,η)(z, t) = f (U(z, t)(ξ, η)) .
For T ∈ B(Lp(Hn)), the transferred operator T0 on B(Lp(Rn+1)) is defined as
T0f(ξ, η) = (TF(ξ,η))(0).
8 P. K. SANJAY AND S. THANGAVELU
For a curve γ = {γ(t) ∈ Hn, t ∈ R} and a function f on Hn, the Hilbert transform of
f along γ is defined as
Hγf(w, s) =
∫
R
f
(
(w, s)γ(r)−1
) dr
r
.
When γ is the curve (rz, r2t), we will denote Hγ by H(z,t). By H
ǫ
(z,t) we denote the
truncated Hilbert transform where the integration is only over {r ∈ R, ǫ < |r| < 1/ǫ}.
When we transfer this operator Hǫ(z,t) to an operator on L
p(Rn+1) under the U action
defined above, we get
(Hǫ(z,t))0f(ξ, η) = H
ǫ
(z,t)F(ξ,η)(0) =
∫
ǫ<|r|<1/ǫ
F(ξ,η)(−rz,−r2t)dr
r
=
∫
ǫ<|r|<1/ǫ
f
(
ξ + ry, η + r(x · ξ) + r2
(
t+
x · y
2
)) dr
r
.
Hence we see that, (Hǫ(z,t))0 = T
(z,t)
ǫ . Now our aim is to prove
‖T (z,t)ǫ f‖Lp(Rn+1) ≤ Cp‖f‖Lp(Rn+1)
This can be obtained using the transference method from the uniform boundedness of
the operator Hǫ(z,t). To be precise, we use the fact that there exist a finite constant Cp,
independent of (z, t) ∈ Hn, n and ǫ > 0 such that
‖Hǫ(z,t)f‖p ≤ Cp‖f‖p.
A proof of the above fact is indicated in [CMZ]. We will present it at the end of this
section after proving the boundedness of T
(z,t)
ǫ . Then∫
Rn+1
|T (z,t)ǫ f(ξ, η)|pdξ dη =
∫
Rn+1
|Hǫ(z,t)F(ξ,η)(0)|pdξ dη
=
∫
Rn+1
|Hǫ(z,t)FU(w,s)(ξ,η)(0)|pdξ dη
because of the invariance of the measure dξ dη under the U action. Hence∫
Rn+1
|T (z,t)ǫ f(ξ, η)|pdξ dη =
1
|BR(0)|
∫
BR(0)
∫
Rn+1
|Hǫ(z,t)FU(w,s)(ξ,η)(0)|pdξ dη dw ds
=
1
|BR(0)|
∫
BR(0)
∫
Rn+1
|Hǫ(z,t)F(ξ,η)(w, s)|pdξ dη dw ds
where BR(0) is the ball centred at origin in the Heisenberg group and radius R under
the Koranyi norm ‖(w, s)‖ = (|w|4 + |s|2)1/4 . When (w, s) ∈ BR(0), and ǫ < |r| <
1/ǫ, (w, s) (δr(z, t))
−1 ∈ BR+h
ǫ
(0) where h is the Koranyi norm of (z, t). Hence, in
the above equality F(ξ,η) can be replaced by F˜(ξ,η) = F(ξ,η) · χBR+h/ǫ(0). Now by an
application of Fubini, we get
‖T (z,t)ǫ f‖pp ≤
1
|BR(0)|
∫
Rn+1
∫
Hn
|Hǫ(z,t)F˜(ξ,η)(w, s)|pdw ds dξ dη
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Now, from the uniform boundedness of the truncated Hilbert transforms, we get,
‖T (z,t)ǫ f‖pp ≤ Cp
1
|BR(0)|
∫
Rn+1
∫
Hn
|F˜(ξ,η)(w, s)|pdw ds dξ dη
= Cp
1
|BR(0)|
∫
BR+h/ǫ(0)
∫
Rn+1
|f(U(w, s)(ξ, η))|pdξdηdwds
= Cp
|BR+h/ǫ(0)|
|BR(0)| ‖f‖
p
p = Cp
(
R + h/ǫ
R
)2n+2
‖f‖pp
again by the invariance dξdη under the U action. Letting R→∞, we see that
‖T (z,t)ǫ f‖Lp(Rn) ≤ Cp‖f‖Lp(Rn)
Coming back to the boundedness ofHǫ(z,t), we can use a technique in Lemma 3.1 of [S2],
to reduce this to the boundedness of Hǫγ on L
p(R2) for the curve γ = {(t, t2), t ∈ R}.
Recall that
H(z,t)f(w, s) =
∫
R
f(w − rz, s− r2t− r Im (w.z¯))dr
r
.
For σ ∈ U(n), define ρ(σ)f(w, s) = f(σw, s). Then
H(z,t)(ρ(σ)f)(w, s) =
∫
R
f(σw − rσz, s− r2t− r Im (w.z¯))dr
r
.
ρ(σ−1)H(z,t)(ρ(σ)f)(w, s) = H(z,t)(ρ(σ)f)(σ
−1w, s)
=
∫
R
f(w − rσz, s− r2t− r Im (σ−1w.z¯))dr
r
.
=
∫
R
f(w − rσz, s− t− r Im (w.σ¯z))dr
r
.
Since ‖ρ(σ)f‖p = ‖f‖p and since there exists σ ∈ U(n) such that ρ(σ)(x+ iy) = x1e1,
it is enough to consider the operator
f →
∫
R
f(u1 − rx1, w′, s− r2t− rv1x1)dr
r
which is equivalent to the operator
T(x,t,v)f(u, s) =
∫
R
f(u− rx, s− r2t− rvx)dr
r
acting on functions defined on R2. For λ1, λ2 > 0, let
δλ1,λ2f(u, s) = f(λ1u, λ2s).
Then ‖δλ1,λ2f‖p = (λ1λ2)−1/p‖f‖p and
δ1/λ1,1/λ2T(x,t,v)δλ1,λ2f(u, s) =
∫
R
f(u− rλ1x, s− r2λ2t− rλ2vx)dr
r
Since we can choose λ1, λ2 such that λ1x = λ2t = 1 it is enough to get uniform esti-
mates for operators of the form T(1,1,a). That would imply that
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‖T(x,t,v)f‖p = ‖δλ1,λ2T(1,1,vx/t)δ1/λ1,1/λ2f‖p
= (λ1λ2)
−1/p‖T(1,1,vx/t)δ1/λ1,1/λ2f‖p
≤ (λ1λ2)−1/pCp‖δ1/λ1,1/λ2f‖p
= (λ1λ2)
−1/pCp(λ1λ2)
1/p‖f‖p.
Now consider τaf(u, s) = f(u, s+ au) so that ‖τaf‖p = ‖f‖p. Since
T(1,1,a)(τ
−1
a f)(u, s) =
∫
R
(τ−1a f)(u− r, s− r2 − ar)
dr
r
=
∫
R
f(u− r, s− au− r2)dr
r
,
we have
τaT(1,1,a)(τ
−1
a f)(u, s) = T(1,1,a)(τ
−1
a f)(u, s+ au)
=
∫
R
f(u− r, s− r2)dr
r
.
This is the Hilbert transform along the parabola γ(r) = (r, r2) in R2. Since
γ(r) =


δr(1, 1) if r > 0
0 if r = 0
δ−r(−1, 1) if r < 0
and the linear space spanned by {γ(r)}r>0 and the linear space spanned by {γ(r)}r<0
are the same, namely R2, γ(r) is a two-sided homogeneous curve (see Def 3.1 in
[SW, p. 1261]). Now we can appeal to Theorem 11 of [SW, p. 1271] to get the
uniform boundedness of the truncated Hilbert transforms Hǫ(z,t) on L
p(Hn). That is,
there exist a finite constant Cp, independent of (z, t) ∈ Hn, n and ǫ > 0 such that
‖Hǫ(z,t)f‖p ≤ Cp‖f‖p.

5. Proof of the main theorem
We first prove Theorem 2.2 regarding the boundedness of the individual Riesz
transforms Rj and R
∗
j .
Proof of Theorem 2.2. We first consider the operators Rǫj and R
∗ǫ
j . In the light
of Proposition 3.1 and Proposition 4.1, we just need to prove that there exist a finite
C, independent of n such that
‖Z˜jp1(z, t)‖L1(Hn), ‖Z˜∗j p1(z, t)‖L1(Hn) ≤ C.
As mentioned in Lemma 3 of [CMZ], this follows from the fact that
pnr (z1, z2, · · · , zn, t) = p1r(z1, ·) ∗ p1r(z2, ·), ∗ · · · , ∗p1r(zn, ·)(t)
where pnr is the heat kernel on H
n. Now for the operators Rj and R
∗
j , we need only
to show that
(
Rǫjf
)
,
(
R∗ǫj f
)
are Cauchy in Lp(Rn+1). We have already seen that
‖Rǫjf‖p ≤ C‖T (z,t)ǫ f‖p and so it is enough to prove that T (z,t)ǫ f is Cauchy in Lp(Rn+1).
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During the course of the proof of Proposition 4.1, we had observed that the operator
T
(z,t)
ǫ is obtained by applying a transference on Hǫ(z,t) and that
‖T (z,t)ǫ f‖Lp(Rn+1) ≤ ‖Hǫ(z,t)f‖Lp(Hn).
Being truncated Hilbert transforms Hǫ(z,t)f is Cauchy in L
p(Hn) [SW, Theorem 11],
and consequently, so is T
(z,t)
ǫ f . 
Now we complete the proof of our main theorem. As mentioned during the dis-
cussion of Theorem 2.2, we only need to prove the boundedness of the operator Rǫ
obtained by replacing Rj and R
∗
j by their truncated versions. We will be closely
following [LP1] in proving this and so will skip some details. Using the property
1
r
∂p1
∂r
=
1
xj
∂p1
∂xj
=
1
yj
∂p1
∂yj
where r = |z|, we can rewrite
Rǫjf(ξ, η) =
1√
π
∫
Hn
(ixj + yj)T
(z,t)
ǫ f(ξ, η)
1
r
∂p1
∂r
(z, t)dzdt
+
1
2
√
π
∫
Hn
(xj − yj)T (z,t)ǫ f(ξ, η)
∂p1
∂t
(z, t)dzdt
and
R∗ǫj f(ξ, η) =
1√
π
∫
Hn
(ixj − yj)T (z,t)ǫ f(ξ, η)
1
r
∂p1
∂r
(z, t)dzdt
− 1
2
√
π
∫
Hn
(xj + yj)T
(z,t)
ǫ f(ξ, η)
∂p1
∂t
(z, t)dzdt
For a fixed (ξ, η) we can choose λ1, λ2, . . . , λ2n such that
∑2n
j=1 |λj|2 = 1 and
|Rǫf(ξ, η)| =
n∑
j=1
(
λjRǫjf(ξ, η) + λj+nR
∗ǫ
j f(ξ, η)
)
Now using the triangle inequality, Ho¨lder’s inequality and also Lemma 2(a) of [LP1],
we get
|Rǫf(ξ, η)| ≤ C‖T (z,t)ǫ f(ξ, η)‖Lp( 1
r
∂p1
∂r
dzdt)
‖x1‖Lp′( 1
r
∂p1
∂r
dzdt)
+ C‖T (z,t)ǫ f(ξ, η)‖Lp(∂p1
∂t
dzdt)
‖x1‖Lp′(∂p1
∂t
dzdt)
where C is a universal constant. Now the theorem follows from Proposition 4.1 and
an application of Minkowski inequality along with the fact (proved in [LP1])that∫
Hn
|x1|p1
r
∂p1
∂r
dz dt,
∫
Hn
|x1|p∂p1
∂t
dz dt ≤ Ap, p ≥ 0,
where Ap is independent of the dimension.
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